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REMARKS ON A NONLINEAR PARABOLIC EQUATION

MATANIA BEN-ARTZI, JONATHAN GOODMAN, AND ARNON LEVY

ABSTRACT. The equation u; = Au+ p|Vu|, p € R, is studied in R™ and in the
periodic case. It is shown that the equation is well-posed in L' and possesses
regularizing properties. For nonnegative initial data and p < 0 the solution
decays in L'(R™) as t — oo. In the periodic case it tends uniformly to a
limit. A consistent difference scheme is presented and proved to be stable and
convergent.

1. INTRODUCTION

In this paper we consider the Cauchy problem for the semilinear parabolic equa-

tion
1 up = Au+ plVu|, 0#pueR,
(1.1) u(x,0) = up(z),

in R™ as well as in the periodic case. Throughout the paper we denote by Vu the
gradient with respect to the x coordinates.

We treat the questions of existence, uniqueness, regularity and long time decay
for initial conditions in L1.

In the case of R” and very smooth initial condition, say uy € Cg(R"™) (i.e.
four times continuously differentiable with compact support), the global existence,
uniqueness and decay properties for solutions of (1.1), have been proved in [B] as
follows.

Theorem 1.1. There exists a unique classical solution of (1.1) in R™ x [0,00).
This solution satisfies the mazimum principle,
sup  u(z,t) =supug(z), inf wu(z,t)=infup(x),
R" X [0,00) R R™ % [0,00) R
0
sup |Vu(zx,t)| < sup | =—(z)|.
LS VU] < D owp |50
Theorem 1.2. Let up(z) > 0 and pu < 0. Then the solution u(x,t) decays as
t — oo in the following sense.
There exists a constant A,, > 0, depending only on n and the support of ug, such
that

(1.3) #(l/ (L)) A /u(xvt)daj
]Rn

remains bounded as t — oo.
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Now let us denote by S(t) the “solution operator” for (1.1), namely, u(-,t) =
S(t)ug. It is easy to see that the (nonlinear) operator S(t) can be extended contin-
uously to all of L2(R™). Indeed, let u(z,t), v(z,t) be two solutions of (1.1), such
that u(z,0) = uo(x), v(z,0) = vo(x). Then,

(u—v)s = Au —v) + p(|Vu| = [Vv]).
Multiplication by u — v and integration over R™ yields, for all £ > 0,

d

_ < — _
dt (u — v)%dz /|V u —v)|*da

+5|,u|/|V o) 2dz + '“'/

from which we get, in view of Gronwall’s inequality,
2
(1.4) ||S(t)’LLQ — S(t)’UQHL2(Rn) < et tHuo — UOHL2(]R77.).

Observe, however, that (1.4) involves an exponential blow-up in L? norm, which
is clearly not “optimal” for smooth, non-negative functions, since we can combine
(1.2) and (1.3) to obtain, for such initial functions, a decay in L? norm.

The L' decay result, as expressed in Theorem 1.2, motivates our interest in
the possibility of extending S(¢) continuously in L}(R"™) and studying its decay
properties for general initial data. This problem is also motivated by some discrete
analogs [Sh].

The plan of this paper is as follows.

In Section 2, we prove that the operator S(¢) can indeed be extended as a con-
tinuous mapping from L*(R™) into itself. Furthermore, we obtain some preliminary
regularity properties.

In Section 3, we obtain the uniqueness of weak solutions to (1.1) in the class

( ) € LIOC[R+7Wl 1(Rn)] n LIOC[R-HLl(Rn)]? R-i— = (Oa OO),

which, in particular, contains the solutions obtained in Section 2.

In Section 4 we show that the unique solution for (1.1) is indeed a classical
solution for ¢+ > 0. Furthermore, the solution is in C***1T%(R" x (X, T)) for any
0<X<T <oo.

Sections 5 and 6 are devoted to the L' decay properties of the solutions since
t — oo. In Section 5 we obtain decay under the assumptions p < 0,ug(z) > 0
(equivalently p > 0,ug(z) < 0). More generally, for u < 0 we show that u(x,t)T =
max(0, u(x,t)) decays in L*(R™). In Section 6 we construct an example that shows
that in general one cannot expect the decay in L!(R™) of the solution. The exam-
ple consists of a smooth nonnegative solution to (1.1) such that its L!(R™) norm
increases to infinity like t”. The example is basically one of an “expanding wave”.

We mention that Benachour, Roynette and Vallois [BRV] used probabilistic
methods to give asymptotic decay rates in the case that u is spherically symmetric
(in z). It is also interesting to note that the related equation u; = Au+ p|Vu|?+u?,
u> 0,0 <0, p,g>1, has been studied extensively (see, e.g., [AF], [So], [SW] and
references there), both in bounded and unbounded domains. Various results con-
cerning existence of global (stationary and nonstationary) solutions, as well as cases
where solutions blow up in finite time, have been obtained. However, the case at
hand (¢ =1 and no power of ) in the whole space is never included.
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In Section 7 we consider the Cauchy problem (1.1) on the torus T, i.e., we treat
the case of periodic boundary conditions. We state an existence and uniqueness
theorem, the proof of which follows the lines of the one in R™. We then prove that
as t — oo the solution tends in L*°(T™) to a constant c(ug, p) which is strictly
between the essential inf and sup of ug. We prove that c(ug, u) — ess inf ug (resp.
ess supug) as i — —oo (resp. p — o0). Throughout this paper we use |||, to
denote the LP(R™) norm, and C#7 for Holder functions with exponents 3, with
respect to x,t, respectively.

2. EXISTENCE

Theorem 2.1. The operator S(t) can be extended, for everyt > 0, as a continuous
map of L*(R™) into itself.

Furthermore, the solution u(z,t) = S(t)ug,uo € L*(R™), has the following requ-
larity properties,

(2.1) S(t)ug € C(R., L' (R™)),

(2.2) S(tup € Lo (R, W (R™) 1 L3S, (Ra, WL (RY).

loc

In (2.1), (2.2) we are using the notation C'(I, X) to denote continuous functions
defined in I C R and taking values in the Banach space X (L(I,X),L>®(I,X)
carry analogous meanings). Also, W11(R") is the Sobolev space of all L! functions
having (distributional) gradients in L1.

Proof. Assume first that ug,vo € C§°(R™) and let u(z,t) = S(t)ug, v(x,t) = S(t)vo
be the corresponding solutions of (1.1). It follows that,

(23)  ule.t) = / Gz — y, tyuo(y)dy + / / G — .t — )| Vuly, s)|dyds,
R 0 R»

z|?

where G(z,t) = (4:7rt)_"/26_‘T is the heat kernel. Taking the gradient (with
respect to x) in (2.3) and subtracting the similar expression for v(x,t) we have, for
t>0,

Vu(e, ) — Vo, 1) = / V.G(x — y,1) - [uo(y) — vo(y)dy
J

(2.4) t
[ [ VuGla =yt =) [Vuly.s)| - [Voly,9)idyds
0 Rn
It is easily seen (by similarity), that
/|VG(x,t)|dx =Bt t>0, = / [VG(z,1)|dz,
Rn Rn
so that, if we denote B(t) = ||Vu — Vull1, r = |Jug — vol1, then, by (2.4),

(2.5) B(t) < Bri=% + Bl /(t — 8} B(s)ds.
0
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Set W (t) = [B(t) — Brt~2]T to obtain,

W(t) < Blul [ (6= )W () + rsHds

(2.6) °
= Blul [ (t—s)"2W(s)ds + 78°r|ul.

/

Let C' = C(T) > 0 be so large such that

T
(2.7) ﬁ|u|/t-%e-cfdt <3
0
then (2.6) yields, for t € [0,T],
(2.8) W (t) < 2n0%r|ule.

Turning back to the difference v — v and using (2.3) and the definitions of r, B(t),
we get from (2.8),

t
Ju(e,0) = vla )1 < o — voll + |n] [ Bls)ds
0

(2.9)
Ct 1

C

t
e
SERIR PR S) RS
0

where 0 <t < T and C = C(T) is given by (2.7). This estimate (and the density
of Cg°(R™) in L' (R™)) implies that S(¢) can be extended continuously to all of
L' (R™) and that (2.9) is valid for any ug,vo € L' (R").

Now, recalling the definition of B(¢) in (2.8) we have,

(210) [ Vule,t) — Vol ) < Bluo — volly - {17 + 2wl

for 0 <t < T. The estimate (2.10) yields readily S(t)uo € LfS, (R, WH (R™)) N
Ll (Ry, WH(R™)), and also the validity of (2.3) for a general ug € L'(R™).

Finally,

S(t+ At)ug — S(t)ug = / (G(z —y,t + At) — G(a — y, t))uo(y)dy
(B")
t+At
+ u/ / Gz —y, t — 5)[Vu(y, s)|dyds,
t R™
so that,
ISt + At)ug — S(t)uoll1
t+At
< luoll - [ 16t + A8) = Glapldo -+l [ [Vl s,

(R™) t
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which, combined with the above observations, yields,
S(t)ug € C(Ry, LT (R™)).
This concludes the proof of the theorem. O

Remark 2.2. Tt follows actually from the proof that S(t)ug € C(Ry, WHH(R™)) for
Up € Lt (Rn)

3. UNIQUENESS

Theorem 3.1. Let u(x,t) be a distribution solution to the Cauchy problem (1.1),
where

u(’t) € Lige (Ry, WH(R™))

1
(3.1) NLY, (Ry, L' (R™)) ,u(-, t) = o in L' (R™).
Let
z2
. x,t) = (4mt)" " “e At >0,
(3.2) G(a,t) = (4nt) ™2~ 1> 0

be the heat kernel. Then,
t

(3.3)  wu(z,t)= /G(x — 1y, t)ug(y)dy + u//G(x —y,t — s)|Vu(y, s)|dyds.
Rn 0 R»
Proof. Let

(3.4) v(z,t) = u//G(x —y,t —8)|Vu(y, s)|dyds.
0 Rn

We claim that as a function of ¢, v(-,t) is a well defined function in C (R4, L' (R™)).
Indeed, since [ G(z,t)dz =1 for t > 0, we have
RTL

|| / G(- -yt — 9)[Vuly, 8)ldylls = [[Vu(-, )]s
J

From (3.1) we know that ||Vu(-,s)||1 € L{, (R4 ). Thus, using Fubini’s theorem we
have

[ 0idz =1l [ / [ 6@ =yt = 9)Vuty,o)dydsd

Rn ]Rn 0 Rn
t t
_p / || / G(- — y.t — )| Vuly, s)|dylls ds = |1 / IVu(, 8)lls ds < co.
0 Rn 0

Furthermore, it is easy to see, by standard arguments, that the equation
(3.5) vy = Av + p|Vul

is satisfied in the sense of distributions.
Since v satisfies (3.5) it follows that w = u — v satisfies

wy = Aw,  w(-,t) T, Uo in L'(R"),
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in the sense of distributions, where w € L2, (R4, L' (R™)). Let

z(x,t) = | Gz —y, t)uo(y)dy.
/

By Young’s inequality ||z(-,¢)|l1 < |luo|1 for any ¢ > 0. Furthermore, 2 satisfies
the heat equation in the sense of distributions in R™ x Ry, and z(-,t) — uo(:) in
LY(R™) as t — 0. This follows from the fact that |G x ug — ugl|1 < 2|lugl|1 and that
for smooth ug, G * ug I, o pointwise.

We conclude that Q = w — z satisfies Q; = AQ in the sense of distributions,
where Q € L2, (RT, L' (R™)) and Q(-,t) o 0in L' (R™).

loc
It thus follows that @ = 0, e.g., since Q. = 0. x @ is smooth and satisfies
%Q. = AQ. and Q.(-,t) — 0. O

t—0

Corollary 3.2. Let ug € L' (R"™). Then there exists a unique solution to the
Cauchy problem (1.1) in the class of functions (3.1).

Proof. The existence of such a solution was proved in Theorem 2.1. We need to
show its uniqueness. Let ui,us be two solutions satisfying the assumptions. By
Theorem 3.1,

(3.6) wui(x,t) —us(x,t) = ,u//G(x —y,t —3)[|Vui(y, s)| — |Vua(y, s)||dyds,
0 R
hence

t

Vui(x,t) — Vus(z, t) = ,u//VG(x —y,t—3)[|[Vui(y, s)| — [Vua(y, s)|]dyds.
0 Rn
As in the derivation of (2.5)

V(s = uz) 0l < il [ 6= 972900~ )9 ds,
0

from which ||V (u1 — u2) (-, t)||1 = 0 follows, implying u; = us a.e. by (3.6). O

Remark 3.3. The uniqueness result ensures that any weak solution satisfying (3.1)
is the solution obtained in Theorem 2.1 and thus satisfies the estimates in the proof
of that theorem.

4. REGULARITY

Theorem 4.1. Let u(x,t) be a distribution solution to the Cauchy problem (1.1),
where

u(-,t) € Liye (R, WHLH(R™)) N LS, (R, LT (R™)) .
Then
(4.1) u € CFrolTo R x (¢,T))
forany0<a<l 0<e<T <oo.

The proof of the theorem will follow from the following lemmas.
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Lemma 4.2. Let u satisfy the conditions of the theorem, then
Vu(-,t) € Lo, (Ry, L=(R™)) .

Proof. We first need some LP(R™) properties of the heat kernel (3.2). By scaling

Gla,t) = ﬁ%c (%1)

Interpolating, using the scaling and the properties of G, we have

np—1

1G] < NGC DL IGEIY = ™35

Using the scaling again, we obtain that, in fact, for some ¢ > 0,

(4.2) G D)l =c- 75"

Now
(4.3)

1 T 1
Py — el Py — pyn/2
/|vc(x,t)| do = /|VG (\/Z’l) o = /|VG(y,1)| /24y
R™ R™ R™
= clt%_nTHp

where ¢; = [ |[VG(y,1)|Pdy < .
Rn

We conclude that ||G(-,t)||, is integrable on any interval (0,7),7 < oo, if
—5(1— 11—)) > —1,ie p <1+ %5, and |[VG(-,t)||, is integrable on such intervals
ifp<1+4 ﬁ

We will also need an estimate of ||[Vu(-,t)||p1(gny for e <t < T where € > 0 is
small and T' < co. To obtain such an estimate we go back to the proof of Theorem
2.1.

In view of Remark 3.3 the estimate (2.9) is valid for the class of weak solutions
considered here. Let vg(z) = 0 so that v(x,t) = 0. Then (2.9) yields

Ju( )llx < C3(T) - Juol]1-
Plugging this into (2.8), where now r = |Jugl|; and

W(t) = [IVu(-, )l = Blluolly - ¢/,

we get

IVu(, )l < C(T) [72 4+ ] fluo 1.
Thus
(4.4) V(- t)|[1 < Cs(T)||luglly - t~Y2, 0<t<T.

From the representation (3.3) (and Corollary 3.2) it is clear that for ¢t > & > 0,

(4.5) ulx,t) = /G(a: oyt — uly, )dy + / / Gz — y,t — )| Vuly, s)|dyds,
Rn

e Rn
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and therefore
(4.6)

t

Vu(z,t) = /G(x —y,t —¢&)Vul(y,e)dy + u//VG(x —y,t — 8)|Vu(y, s)|dyds.
R’Vl IS5 R’Vl
By Young’s inequality, (4.2) and (4.4), it follows that

I [ 66~ vt =2Vuly. )yl
(4.7) i
<NGCot =) ap[IVul )l < Co(T)e™2(t — &)™ 7 [lug 1.
Young’s inequality and (4.3) give also,
[ / VG(- =yt = 8)|Vuly, )ldyll 141 <IVG(rt=9)1s1 - [Vul )
(4.8)  gn
< et — )75 || Vu(, 8)]1.

Thus, in view of (4.4),

t
I / / VG(- —y.t — )| Vuly, s)|dyds]|,, +
e R»
t

S/||/VG(-—y,t—S)|Vu(y,s)|dy||1+%ds
(49) £ Rn
1

< Co(T) / (1— ) 35971249 . 57 |luy,

e/t
1 1
< o8 (57505

Using (4.7) and (4.9) in (4.6) we obtain

) 7T < Cy(T) Jully - e/

IVu(sBlles < Co(Dlluolly - 72 (= &) 757 +1]
< Olo(T)H’uOHl . 5_1/2(t — 8)_1/2.

We may now repeat the procedure, with e replaced by 2e in (4.5) and (4.6).
Then we have

[ /G( —y,t —2e)Vu(y, 2£)dy||1+% <|G(t - 25)||1+% IV, 25)||1+%
(4.11) gn

(4.10)

< (t — 2¢) 727 Cyo(T) ol - €7,

|| / VG( — yt - 5)[Vuly, 5)ldyl ;2

]Rn
4.12
(4.12) <IVGCot = )lhps - VU ) st

< er(t — )" 242 Cho(T) uo e V2 (s — )71/,
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(4.13)

||//VG:1:—y, s)|Vuly, s)|dyds| 4 =

2¢ R™

t
< [ [ VG =yt =5 utw. o)yl 2,

2¢ Rn
t

< Cn(T)- /(’5 —5) "2 (5 — )" 2ds - |luol1e ™2 < Cra(T)|uoll1e 7,

2e

so that for T' >t > 2¢,

VU lle 2y < Coa(T) ol &7 [ (2 = 20) 7 + 1]
< Cy3(T)|uollre™*(t — 2¢) /2.

(4.14)

It is clear now how this process is continued n times. As above we get
IVu(-,t)loo < Ce, T)|Juolls for T >¢> (n+1e.

Lemma 4.3. Ifu satisfies the conditions of the theorem, then for any 0 <e <T <
©and < a<l,

Vu € 02 ((e,T) x R").

Proof. Fix 0 <e <T. Fore <t <T andn; = (0,...,Ax;,0).

(4.15)

Vu(z + n;,t) — Vu(z,t) = /[G(x +n—yt—e)— Gz —y,t—e)Vu(y,e)dy

RTL
+ ,u//[VG(x +n —y,t—s)— VG —y,t—s)]|[Vu(y, s)|dyds.
g R»
Now
/ G+ m.t) — Gla, )lda = [n / / (o + o )doda

(4.16)

.|,

<|n; (x,t)|dx < i
|n|/| ) ﬁm

1
(VG

[IvG G+ w0~ VG 0ls = [| [ A5
(4.17) R R™ 0 ’

ovVG -
<nl- [ |G tlde < fn- 1.
R’Vl

) (x 4+ on;, t)do|dx
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We can write, for 0 < a < 1,

-«

(4.18) /|VG (z +ni,t) — VG(a, t)|dx < (|n:| - Ct~1)" /|VG (z,t)|dx

= Clp|* 77207 = e300,
Inserting (4.16) and (4.18) in (4.15) we get, for 2e < ¢t < T,
[Vu(z +n;,t) — Vu(x, t)]
< Clyallml® [Imal' =2 + (¢ = )30 | ul| o (e 7y xcrn)-

Thus it follows that Vu(z,t) is Hélder continuous with any exponent a < 1 in
2 in any strip (6, T) xR, 0<e<T < .
Next we prove that Vu(z,t) is Holder continuous in ¢. By (3.3)
Vu(z,t + At) — Vu(z,t) = /G(x —y, At)[Vuly, t) — Vu(z, t)]|dy

Rn
At

+u//VG(x—y,At—s)|Vu(y,t+At—s)|dyds.

0 R~

The second term on the right can be estimated by C'(At)!/? 1Vl oo (t,t4+A8 xRP) @S
before. To estimate the first term we use

Vu(y,t) = Vu(z, t)] < Cmax{lz —y|*, [ — y[HIVul Lo r)<rm)
for any 0 < o < 1 (where C = C(a,,T)), so

|/G g ADVu(y, £) — Vulz, )]dy|

< /(At)_"/2G (%, 1) Vu(y,t) — Vu(z, t)|dy

R

o [ wre(iga) () vara

|z—y|<1

e / (At)‘"/QG(f/A_t,l) "”i/_A_i"\/A_tdy

|z—y|>1
<[(AD)*2 + (An'?)- /G(Z, 1) max{|z|, |2|*}dz = C[(AH)*/? + (A1)'/?],
R'Vl
where C' depends on || V|| e ((c,1)xrn). Thus, we conclude that
Vu e C*% ((¢,T) x R")
forany0 < a<land any 0 <e < T < o0. O

Theorem 4.1 now follows from the next theorem, the proof of which can be found
in Friedman [F] (Theorem 10, p. 72).
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Theorem 4.4. Let u be a solution of
ur —Au=f

where f € C%2, then u,uyz,,us and Ug,q,,%,5 = 1,-,n, are all Holder continuous
with exponent o in x and exponent 5 in t.

Corollary 4.5. If u satisfies the assumptions of Theorem 4.1, then u is a classical
solution of (1.1). It also satisfies

u(-,t) € L ([e,00), WH*(R™)),  for any € > 0.

Furthermore,
(4.19) [[ull Lo (rn x[e,00)) = Ul €)]loe < 00,
(4.20) [Vl Lo ®n x[e,00)) < [[VUu(:,€)loc < 00

Proof. Tt is clear that ||u(-, €)||oc < 00, since we know that ||u(-, §)|1 < oo and that
[IVu(-,€)|loo < 0o. Theorem 4.1 implies that u is a classical solution and thus the
maximum principle may be applied to obtain (4.19) (see [B]).

We now wish to show that |[u, || e ®&nx[e,00)) < [[Uz; (5 €)|loo-

Let v(x,t) be the solution to (1.1) with initial conditions vo(z) = u(z,e). By
the semigroup property, implied by uniqueness, v(z,t) = u(x,t + €), and thus it
is enough to show that [z, | Lo @nxi,) < Ve (0)]leo- Let {05352, C Cg°(R™)
such that v(gk) — vo in L'(R™) and Ha%vé’“)l o < (14 %)H%UOHOO. According
to (2.10) there exists a subsequence {k;}32, such that Vvékj)(x) — Vuo(z) and
Volki)(z,t) — Vo(z,t) ae. in = for each ¢ > 0. The maximum principle stated in
Theorem 1.1 is valid for all z2-Vo(*) and thus the conclusion follows. O

5. DECAY FOR LARGE TIME

Theorem 5.1. Let 4 < 0 and 0 < ug € L*(R™). Then, for every t > 0, u(z,t) =
S(t)up > 0 and,

u(z,t)dx decreases to zero as t — +o0.
R’Vl
Furthermore, with u < 0, let vo € LY(R™) be not necessarily positive, and let
v(z,t) = S(t)vg. Then
/v+(x,t)dx —0 as t— oo
RTL
(We are using the notation ¢+ = max(¢(z),0).)
Proof. Let 0 < ug € L' (R") and p < 0. Using the maximum principle for (1.1)
(Theorem 1.1) as well as the convergence argument in the proof of Corollary 4.5,
we see that S(t)ug > 0 for all ¢ > 0. Integrating (2.3) with respect to « and letting
t — 400 we get,
(5.1) I(t) = /u(a:,t)da: is decreasing in  t,

R~
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o0

(5.2) //|Vu(;v,t)|dxdt < o0,

0 R»
(5.3) u(z,t) < /G(x — 1y, up(y)dy = u(x,t), (z,t) € R™ x (0,00).
]Rn

Let € > 0. It follows from (5.2) that there exists a sequence 0 < t; <ty < --- <
ty < -++ — 400 such that
(5.4) /|Vu(;v,tj)|dx < Etj_l, i=12,....
RTL
Applying the Sobolev inequality [GT] we get, with some constant C' = C(n),
u(x, ;) 1dr < (C’Etj_l)ﬁ
|z|<t;

(we are assuming n > 1. The case n = 1 is simpler). Invoking Holder’s inequality
leads to

(5.5) / u(x, tj)de < Cewl/™.
lz|<t;
(wn, = volume of the unit ball in R™). On the other hand, the solution @(z,t) of

the heat equation satisfies

w(x, tj)de — 0,

j—)()o
|z|>t;
so that, by (5.3),
(5.6) / u(z,t;)de — 0.
J—00
|| >t

Combining (5.5) and (5.6) we have I(t;) — 0 as j — oo, which concludes the proof
of the theorem in the case that ug > 0.

Now let vg € L* (R™). Taking the positive part in (2.3) and noting that |[V¢™| =
sgn ¢T - |[Vg| for every ¢ € WHL(R™), we have

ot (1) < / Gla—y, ) ()dy — |l / / Gz — .t — )|V (3, 8)|dyds = T (x 1)

R 0 R

As in the first part of the proof we conclude that [ J(z,t)dv — 0ast —oo. O
Rn

6. L' GROWTH

In this section we show that in contrast to the result of Theorem 5.1, if u > 0 and
w1 > 0 (which is equivalent by the change u — —u to u <0, u < 0), |lu(-,t)||1 can
grow to infinity as ¢t — oco. The idea is that for some wug(x), suitably concentrated
around z = 0, the solution u(x,t) represents an expanding profile.
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Theorem 6.1. There exists a smooth, rapidly decaying function ug(x), such that
the classical solution u of

(6.1) ur = Au+|Vu|, u(z,0) =up(z), xR,
satisfies

l[u(, )l > ct,
for some ¢ > 0.

Lemma 6.2. Let u satisfy (6.1), and let v satisfy vy = Av + |Vo| + f, v(z,0) =
vo(x), where |f(x,t)] < a(t). Suppose further that w,v decay to zero as |x| — oo,
uniformly on finite time intervals. Then

t t

(6.2) inf(vg —ug) — /a(s)ds <wv(z,t) —u(z,t) < sup(vyg — ug) + /a(s)ds.
0 0
Proof (of the lemma). We have
(v—u)r = Av —u) + [[Vo] = [Vul] + f,
so that,

(v—u— /oz(a:)ds)t < Aw—u) + Vo] = |Vul).
0

t
Let w = v — [ a(s)ds. Then,
0

(w—u)y < A(w —u) + [[Vw| = [Vul],
from which it follows that w — « cannot attain a maximum for ¢ > 0. To see this
pick any 8 > 0. Then,
(w—u—pPt) < Alw—u—Bt) +[|V(w = Bt)| — [Vul]] - 6.
Suppose w — u — Ot has a maximum at a point (zg, %), then the left hand side is
nonnegative while A(w —u — t)(xo,%) <0, V(w—u—p0t)=0= |V(w—pFt)|—

|[Vu| = 0, so the right hand side is negative, which is a contradiction. Observe
¢

now that limoo[w(x,t) —u(z,t) — ft] = lim [v(x,t) — u(x,t) — Ofa(s)ds — Gt

¢

= — [a(s)ds — Bt < 0, so that sup[w(z,t) — u(z,t) — ft] < sup(vg — ug). (Note
0 T

that sup(vg — ug) > 0). Letting 8 — 0 we obtain the right hand side of (6.2). A

similar argument can be applied to prove the other part of (6.2). O
Proof of Theorem 6.1. We shall first prove the theorem for the one dimensional
case n = 1. Let w(x,t) = f G(y,t + 1)dy = G(-,t + 1) x H (where H is the
Heaviside function and den:)(‘:;s convolution), so that

Wy — Wy = (Gt +1) = Gup(,t+1))xH=0 fort>0.

The function 2z~ (z,t) = w(x + t,t) satisfies z; = z,, + z, . Since z~ is monotone
increasing in x for fixed ¢,z = |2/,

2 = Zgr T 1% |-
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Similarly, 2 ¥ (z,t) = w(—(x—1),t) satisfies z;” = 27, — 27, and since z* is monotone
decreasing in z for fixed ¢, 2] = —|z;| so,

+ ot +
We note that

zi(x,t) — 0 as =z — Foo at exponential rate,

2F(x,t) -1 as x — Foo at exponential rate.

For a > 0, let v*(z,t) = 2~ (z + a,t) + 27 (x — a,t) — 1, then 0 < v%(z,t) < 1, and
v® decays to zero as * — +oo uniformly on bounded time intervals. Now

v (2, 1), — v (2, 1), = 2 (ta,t)— 2 (T+a, )t 2T (@ —a, )i — 2T (x—a, ) za
=lz7 (@t a,t)e| + |27 (@ — a,t)a| = (2, 1),|
+2min{|z7 (x + a,t).], |27 (x — a, )|}
Let f*(x,t) = 2min{|z~ (2 + a,t)s|, |2F(z — a,t),|}. We claim that

(6.3) 0< fx,t) < a’(t),
where [ a%(s)ds — 0 as a — oo.
0
Indeed,
1 2
we(z,t) = Gz, t + 1) = ——=¢~ D
dr(t+1)
so,
1 _liz+a+tt
zy (x4 a,t) =wy(r+a+tt) = ———e - o
4m(t +1)
Forz >0, a>1, m\‘/"t‘l—tt > \;i;:-_tl > max(y/a, 2v/1), thus for > 0,¢ > 0,a > 1,
0<zg(x,t) < e max(a ),
Similarly, for £ < 0, t >0, a > 1,
—emamax(af) o zt(x,t) < 0.
Thus, if we define a®(t) = e~ ™3(@:3) we obtain
%) a/4 00
/a“(s)ds = /e_%“ds + / e Tods = %e_% +16e7% — 0 as a — oo,
0 0 a/4

proving (6.3).
oo
Given 1 > & > 0 choose a > 0 sufficiently large so that [ a®(s)ds < e. The func-
0
tion ul(x) = v*(x,0) is smooth and decays exponentially as |z| — co. From Theo-
rems 1.1 and 2.1 we know that the solution u®(z,t) of uf = u2, +|Vu?|, u®(z,0) =
ud(z) is Lipschitz continuous in the strip R x [0,7] and ||u®(-,t)||1 is uniformly
bounded on each interval [0, 7). Furthermore, u®(z,t) — 0 as |x| — oo uniformly
in such time intervals. Thus, comparing u® to v* by Lemma 6.2, one obtains

[v*(z,t) — u(z,t)] < e.
Let R(e,t) be such that v*(x,t) > 1 — ¢ for |z| < R(e,t).
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It is clear from the definition of v® that R(e,t) grows like t — /¢, thus u®(z,t) >
1—2¢ on a set of size proportional to t—+/%, hence ||u®(-,t)||1 > ¢-t, which completes
the proof for the one dimensional case.

For radially symmetric functions v = u(|z|,t), Eq. (6.1) reads,

n—
(6.4) Ut = Upy + Up + |ty

Let

Pa( t) Z+(2_a7t)u O§T§27
’]"7 =
2t (r—a,t), r>2,

and denote Lu = urp + |ur.
Then for r < 2, LP®* =0 so,
Pi(r,t) — LP%(r,t) = P(2,t).
For r > 2,

n—1

P2 (r,t) — LP%(r,t) = — Pi(r,t).

r

Let 6(z) be a non-negative C§°([—1,1]) function satisfying [ d§(z)dz =1, and let

V(1) = PO t) % ().

For r < 1 we have v*(r,t) = P*(r,t), hence,

(6.5) vy — Lv® = PF(2,1),

and for r > 1,

(6.6) vf—ﬁv“:—n;le*&

o

(6.7) vy — Lo = g(r, 1),

where

(6.8) lg(r, O] < e max{ P, T}, c= c(n, [|10(r)]loo)-

As before, we would like to find an integrable bound «(t) for the right hand
side of (6.8), and show that [ a(s)ds can be made arbitrarily small if a is chosen
0

sufficiently large.
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Now, in terms of the one-dimensional heat kernel G,

0
Pi(r,t) = af(r / G(y,t+1)d
r a— t
) 1 y ) 7
= — G 71 d = = G 71 d
ot / Vit1 (x/t+1 > LT (2, 1)dz
a—r+t a*tirlt

__G(a—r—|—t 1)2(@—1‘4—75)
N Vit1l ) ot \ Vi+1

1 _(a—r—? [ 1 a—r 1 1 ]
= — e 4(t+1) —_— —+ 5 R

Vam 2 (t+1)3/2 (t+1)1/2
S0,
(6.9) |PA(rt)| < C-e” B P
Similarly,
a—1r-+t 1
Pi(r,t) G(z,1)d -G 1)-1- .
=g [ aene (S35 (<)

a— 7+t

It is not hard to see that
IG a—r+t
VEFT

r
so that for r > 1,

1) is a decreasing function of 7,

-1 1 a—
o Pi(rt) <c- e T e

Vt+1
It follows from (6.8) that the right hand side of (6.7) can be bounded by

(6.10) |

alt)=c-e .75,

Let u*(x,t) be the solution to (6.1) with
u®(z,0) = v*(|zl,0).
An application of Lemma 6.2 to u®(z,t), v%(|z|,t) yields the required result in the

same way as in the one dimensional case. O

7. PERIODIC INITIAL CONDITIONS

Let T™ denote the n-dimensional torus R"™/Z™. We would like to study the
Cauchy problem (1.1) on T™.
It is evident from the fact that

1 22
G(x,t) = ——=e™ o
(x7 ) (47Tt)n/2e
is the heat kernel in R", that
(z+m)?
(7.1) H(z,t) = 4m; T %Z:ne e

is the heat kernel on 7.
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It is not hard to verify that Theorem 1 in [B], as well as Theorems 1.1, 3.1,
4.1 and Corollary 4.5 of this paper, carry over to this case. This is achieved by
replacing the heat kernel G and integrations over R™ by the heat kernel H and
integrations over T". Thus the following theorem is obtained.

Theorem 7.1. For ug € LY(T™) the Cauchy problem (1.1) on T™ has a unique
solution uw on T™ x R4, having the following properties.

(7.2) u(-,t) € C(Ry, LY(T™)), u(z,0) = up(x) a.e. x € T™,
(7.3) u(,t) € Lige(Ra, WHH(T™) N L5 (R, WHH(T™)).
Furthermore, this unique solution satisfies,

u € CProlTo (T » (c,00)) forany €>0,0<a<1.
In particular, u is a classical solution to (1.1) for t > 0.

It follows from the strict maximum principle [PW] and the compactness of T",
that if to > t1 > 0,
(7.4) nin u(z,t1) < Inin u(z, ta) < meax u(z,t1)
if ug is not equal to a constant a.e.

Theorem 7.2. Letug € LY (T™) and let u(x,t) be the unique solution to the Cauchy
problem (1.1). Then there exists a constant ess inf uy < c(up,n) < esssupug such
that

u(-st) — c(uo, )| Loe(rny — 0 as ¢ — oo.

Before we prove the theorem we recall the following theorem (see [GT], Theorem
7.17).

Theorem. Let u € Wy P(Q),p > n. Then u € C7(Q), where v =1 —n/p. Fur-
thermore, for any ball with radius R, Br

) <c¢ - RY

(7.5) QSCu < c- R||Vullp

where ¢ = ¢(n, p).

Proof of Theorem 7.2. Fix € > 0. Corollary 4.5 gives, for t > ¢,
. < = .

(7.6) max|Vu(z, t)] < max|Vu(z,e)| = a

Now,

1-1
a0l < (myxvue0l) a1
so by (7.5) and (7.6), for p > n,
(7.7) OSCu(-t) < a7 | Vu(-, )|/
Let

a,(t) = max u(z,t) and w,(t) zfeliTI}L u(x,t).

We have by (7.7),

(7.8) IVut Bl > { [3a(t) = )] fe-a’7" ]
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Changing u to —u in (1.1) is equivalent to changing p to —pu, so we can assume,
without loss of generality, that p < 0.
Integrate (1.1) on T™ to obtain

—/ xtdm—/Auwtdm+u/|Vuxt|d:v— /|Vuxt|d;t

n ™
< if [ () = w, (D) /- T,

where the last inequality follows from (7.8) and p < 0. Integrating this inequality
on the interval [e,t] we have

/u(x,t)dx — /u(x,s)dw <pu(t—ce)- {[au(t) —u,(t )] /e a%}p,

Tn Tn

since ,,(t) — u,(t) is monotonically decreasing (by (7.4)) and u < 0.
It follows that

(7.10) /u(x,t)dx - /u(x,s)dw PPNt — ) > [ (t) —w, (1)]P
Tn Tn

Thus, since u is bounded and T™ has finite volume, there exists a constant c¢ s.t.
Uy(t) —u,(t) < ¢/t'/?, hence u(x,t) tends uniformly to a constant which lies (by
(7.4)) between w,,(¢) and 1, (e).

To conclude the proof we have to show that

(7.11) essinfug <wu,(e) < u,(e) < esssupug.
Let ul = ug * d,) where §,, is the standard mollifier. Clearly,
essinfuy < minu] < maxug] < esssup up.

Let u" be the classical solution to (1.1) with initial condition u”(z,0) = ug(z).
Then, by the maximum principle

. n n
minu) < u'(z,e) < maxug.

Since, in view of Theorem 2.1, w"(x,e) — wu(z,e) in LY(T") as n — 0,

I min u(z,¢) < minu(z,e) < maxu(z,e) < lim maxu?(z,€) and the proof
n=05eTn cel™ zeTn n—0 zeTn

is complete. O

Theorem 7.3. Let ug € L'(T™) and let u,(x,t) be the unique solution to (1.1)
with parameter . Then,

lim w,(z,t) = essinf ug, lim w,,(z,t) = esssup uo.
p——00 H—00

In particular,

lim c(ug, ) = essinfug,  lim c(upu) = esssup ug
p——00 — 00

(where c(ug, 1) is as in Th. 7.2).

In order to prove the theorem we need the following lemma, concerning the
monotonicity property of (1.1).
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Lemma 7.4. Let ug,vg € Cz(T”)7 w1 > pa. Let u,v be the bounded classical
solutions of

(7.12) up = Au+ p1|Vul,  u(z,0) = ugp(x),

(7.13) v = Av + pa|Vul,  v(z,0) = vo(z).

If up(x) > vo(x),x € T™, then u(x,t) > v(x,t) for all (x,t) € T™ x Ry.
Proof. The function w = u — v + €t, € > 0, satisfies the equation
(7.14) wy = Aw + p2(|Vu| — |Vo|) + (p1 — pe)|Vu| + €.

We claim that w cannot attain a minimum for ¢ > 0, since at such a point
(z,t), w <0, Aw >0, Vw = Vu— Vv = 0, contradicting (7.14). Thus
(u —v)(x,t) + et > min(ug — vp) > 0 for any € > 0. O

Corollary 7.5. The above comparison principle is valid also under the assumption
Up, Vo € Ll(Tn)

Proof. If ug(x) > vo(x), then there exist sequences of smooth functions ug'(z) <
v (z) s.t. ult(z) — up(z) and v (x) — vo(z) in LY(T™) as m — oo.

Let u™(x,t),v™(x,t) be the solutions to (7.12), (7.13), respectively. They satisfy
u™(xz,t) > v™(x,t), by the lemma, and satisfy u™(-,t) — u(-,t),v"™(-,t) — v(:,t)
in LY(T™) as n — oo by Theorem 2.1. Since u(x,t),v(z,t) are continuous for ¢ > 0
(Th. 4.1) it follows that u(x,t) > v(x,t), as required. |

Proof of Theorem 7.3. We will prove the theorem for y — —oo (the proof for
i — oo is obtained by changing u to —u). Let u < —1, so that by Corollary
7.5 uy(x,e) < u_i(z,e) for e > 0. Let u,(x,t) be a solution to (1.1) with initial
condition u_q(x,€) at t = €. Thus the above lemma gives @, (x,t) > u,(z,t),t > €.
Let o = [|[Vu_1(:,€)||poo(rny < 00, B = [[u—1(-,€)|| oo (rn) < 00. Corollary 4.5 gives
[Vl oo (7n x[e,00)) < 10y [[TpllLoo(Tn x[e,00)) < B

for all p < —1. In view of (7.10),

(t) — @, (1) < (20)7 - c- a7 - [|u|(t — )] 77,

and from Corollary 7.5,
(1) (1) +(28)7 - T ul(t = )]
Su (1) + @OV caT bl — o) 7.
0
W,(26) < Wu(2) Suy(20) + (20)7 e 0" [Ju] -] 77
Thus, H@wau(%) < u_;(2¢). Now (7.4) and u_1(-,?) =, Uo in L' imply

u_4(t) [, €58 inf ug. On the other hand, by (7.11),

essinfug < NEIPoou“(t) < érg5 MEIPWUM(ZE) < égft u_;(2¢) = essinf ug

and we are done. O
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APPENDIX

Convergence of a Numerical Scheme. Consider the lattice X consisting of the
points

(z,t) = (j1h, j2h, ..., joh, mk), ji€Z,i=1,...,n, meN,
where h, k are fixed positive constants. Let j = (j1,...,jn) and let v]* be the value
of the function v at (j,m). Define operators E; such that

Ei’l};n =

o 4
(J155di—15Ji 1, di4 15500 )"
We consider the numerical scheme,

n n

m m k‘ — m
S Z — 2l + B P +%E > (1B - B o).

- i=1 i=1
As initial conditions for the numerical scheme we take

(7.2) o} = wo(j - h).

Theorem A.1. Let vg € L®(R"). If A= < £ and |Shu| < 1, then

2n

sup [0]"| < [|vo oo
JEZ™ meN ~

Proof. U;nH =(1- 2n/\)v;” +AD (B + Ei_l)v;” + %h)\u SHIE: — Ei_l]U;n}2~
z z < i=1 =

i=1
Now if |$hu| <1,

n

e 1 = .
> (Bi+ By + Suh > B - BT oy

i=1 =1

M=

m 1 — m
{18+ B0+ Gl - 71

3

ZZmax{|Evm| Bt m|}<2nsup|v l,
i=1

Il
:)—‘

since [a + b[ + |a — b = 2max{]al, [b]}. Denote [[v™|| = sup [v]*]. If 2nA < 1, then
je ’Vl _

o™ < (1 =208) o™+ 202 [0 = o). -

Theorem A.2. Let u(x,t) be a classical solution to (1.1), with w, Uy, gy, ur uni-
formly bounded and uniformly continuous. Fiz \ < %, then as h ™\, 0 the approzi-
mate solutions v tend to u in L>(R™ x [0,T7).

Proof. 1t is clear from the assumptions on u, and the fact that (A.1) is a consistent
numerical scheme for (1.1), that for any € > 0, if h > 0 is sufficiently small,

m+1
uf = (1= 2n\)u) +)\ZE + B uy
=1

1 ~ um .
+ 5 Z}{ PRl k

where [e]'| < e. Thus,
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™t = (1 - 2nA)(uj* — i) + )‘Z[El + Ei_l][uzI —v}"]

A
=1

|~

1 n B n B .
+ 5h D AE - ET ey — (> A - B2 | + e -k
i=1 i=1

So if h is small enough by the triangle inequality for absolute values and the
norm in R", we get

J

um Tt — v?+l| < (=2nA)[uf" — v + )\Z [[E; —i—Ei_l][uZ1 — |

J

=1

1 - — m m m
+ §|hxu|.2|[Ei — B[ — o) + lef'] - k

i=1

< (1 —=2nA)uf" — ") + 2)\Zmax{Ei[u;” — o E7 = o} + el - k

g A
=1

< Ju™ = o™ + [ - k

from which we get |[|[u™ — v™|| < [|[u® — v°|| + €T = eT. Now as h \, 0 we can take

e \\ 0 and convergence is established. O
REFERENCES
[AF] L. Alfonsi and F.B. Weissler, Blow-up in R" for a parabolic equation with a damping

(B]
[BRV]
(F]
(GT)
[PW]

[Sh]
[So]

[SWI

nonlinear gradient term, in ”Progress in Nonlinear Differential Equations”, N.G. Lloyd et
al., (Eds.), Birkhauser, 1992. MR 93f:35118

M. Ben-Artzi, Global Existence and Decay for a Nonlinear Parabolic Equation, Nonlinear
Analysis TMA 19 (1992), 763-768. MR 93i:35066

S. Benachour, B. Roynette and P. Vallois, Asymptotic Estimates of Solutions of us —
%Au = —|Vu| in Ry x R4, d > 2, J. Funct. Anal. 144 (1997), 301-324. MR 97m:35118
A. Friedman, “Partial Differential Equations of Parabolic Type”, Prentice-Hall, 1964. MR
31:6062

D. Gilbarg and N.S. Trudinger, “Elliptic Partial Differential Equations of Second Order”,
Springer-Verlag, 1977. MR 57:13109

M. Protter and H. Weinberger, “Maximum Principles in Differential Equations”, Prentice-
Hall, 1967. MR 36:2935

E. Shamir, private communication.

P. Souplet, Resultats d’ explosion en temps fini pour une equation de la chaleur non lineaire,
C.R.A.S. Paris, 321 Serie I, (1995), 721-726. MR 96h:35093

P. Souplet and F.B. Weissler, Poincaré’s inequality and global solutions of a nonlinear
parabolic equation, Annales Inst. H. Poincaré — Anal. Nonlin. 16 (1999), 337-373.

INSTITUTE OF MATHEMATICS, HEBREW UNIVERSITY, JERUSALEM 91904, ISRAEL
E-mail address: mbartzi@math.huji.ac.il

COURANT INSTITUTE OF MATHEMATICAL SCIENCES, NEW YORK, NEW YORK 10012
E-mail address: goodman@cims.nyu.ed

COURANT INSTITUTE OF MATHEMATICAL SCIENCES, NEW YORK, NEW YORK 10012



